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Abstract
Strong free-surface water vortices are found throughout industrial hydraulic systems used for water treatment, flow regulation, and energy
generation. Previous models using the volumetric flow rate as a model input have generally been semi-empirical, and have tended to have some
limitations in terms of the design of practical hydropower systems. In this study, an analytical model of a strong free-surface water vortex was
developed. This model only requires the water head and geometric parameters as its inputs and calculates the maximum volumetric flow rate, aircore diameter, and rotational constant. Detailed experimental depthedischarge data from a full-scale gravitational vortex hydropower system,
unavailable in the relevant literature, were obtained, and the simulated results showed excellent agreement with the experimental observations.
These data could be used to verify similar models using laboratory-scale physical models in order to investigate the scaling effects. In contrast to
previous models, this model does not assume a constant average velocity across the vortex radius and allows precise calculation of the resultant
velocity vectors. Therefore, this model presents advantages in turbine design for energy generation systems.
© 2021 Hohai University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Strong free-surface vortices are extensively used in
industrial-scale hydraulic engineering for water treatment and
flow control (Knauss, 1987), and, more recently, for energy
generation (Alzamora Guzman et al., 2019). Vortex formation
is commonly achieved using the combination of an open
rectangular inlet channel and a scroll-type circulation tank.
These facilities induce strong vortices in the tank center when
water exits through a hole in the floor. The vortex flow is
considered strong when a stable air core develops. The steady
spiraling water flow in the vortex increases the rotation and
velocity, which is useful for energy generation.
The gravitational vortex hydropower (GVHP) system is a
relatively new technology that operates at a low head and high
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flow rates and is suitable for off-grid and distributed energy
systems. The technology has been shown to be economically
and technically feasible, especially for application in developing countries, compared to other alternative renewable and
non-renewable energy sources (Dhakal et al., 2015).
Compared to traditional large-scale hydroelectric systems,
GVHP has a much lower impact on the surrounding ecosystem
as construction of a large dam is not necessary. Only a fraction
of the river flow is diverted and passes through the system, and
all water is returned downstream to the river. However, the
fraction of diverted water and the extent of in-river infrastructure are highly site-specific. Several companies have
commercialized the GVHP technology at various scales
(Kouris, 2000; Turbulent, 2020; Vorteco, 2016; Zotl€
oterer,
2004). The state-of-the-art installations of GVHP technology
and related challenges and opportunities have been discussed
in a recent review article (Timilsina et al., 2018).
In the GVHP system, to extract the kinetic energy from the
water vortex, a turbine is placed in the tank center at the point
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of maximum vortex rotation. For the full-scale systems
currently installed around the world, the average total efficiency is around 55% (Timilsina et al., 2018). In such systems,
most efficiency losses are related to the interaction between
the turbine and the vortex. The low turbine efficiency has been
recognized as a limitation of this technology, and many groups
have investigated different turbine designs, both via modeling
(Khan, 2016; Nishi and Inagaki, 2017; Wanchat and
Suntivarakorn, 2011) and experimental studies (Power et al.,
2016; Rahman et al., 2016; Sritram et al., 2015). Given that
the three-dimensional (3D) flow field in a water vortex is
highly complex, it is difficult to describe and predict these
interactions. The turbine efficiency is closely related to the
inlet and outlet velocity triangles. Hence, to design a more
efficient turbine, it is necessary to describe the water vortex in
detail. In addition, the geometrical parameters of the circulation tank need to be optimized to maximize the strength of
vortex formation (Mulligan et al., 2016).
A safe and effective hydraulic design requires knowledge
of the tangential velocity profile of the strong free-surface
vortex. Various analytical models of the tangential velocity
have been proposed. Although developed nearly 150 years
ago, the Rankine model (Rankine, 1872) has proved to be a
workable solution and is still commonly used today. Other
models (Mulligan et al., 2018; Vatistas et al., 2015) have been
presented more recently and have shown agreement with
experimental results. Mulligan et al. (2018) extensively
investigated the effect of the geometric parameters and inlet
flow conditions and compared the depthedischarge relationship derived from various models (Mulligan et al., 2016) and a
single available experimental dataset for a full-scale vortex
system (Drioli, 1969). The results of the compared models
showed similar trends, but a large variation in values. Due to
the major lack of experimental data from full-scale vortex
systems, most previous models were verified using laboratoryscale physical models of circulation tanks, and their applicability to full-scale systems has not generally been verified. A
major limitation of most previous models is that they require
the volumetric flow rate (Q) as an input variable. Given that
there is a complex relationship between the geometric parameters and Q, a detailed investigation of the geometrical
parameter space requires experimental measurement of Q
values as the model input. Hence, the model input already
contains some experimental uncertainty, and fully analytical
models have not yet been presented. Although the models have
been experimentally verified using small-scale laboratory test
set-ups, these systems could be susceptible to surface tension
and viscosity effects that are negligible in large systems. In
addition, hydraulic structures where large vortex formations
occur often have significantly high Reynolds numbers, and the
vortex formation could be affected by turbulent flow (Mulligan
et al., 2016). Such conditions may not be accurately described
by semi-analytical and empirical models that are verified by
laboratory-scale physical models.
To overcome the limitations of previous models for practical
application to full-scale systems, this study developed an
improved analytical model. The major improvement is that Q is
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not required as an input. In addition, the weighted average
velocity is calculated by the vortex radius rather than by
assuming a constant value. This allows estimation of the exact
position of the resultant velocity vector. The proposed model is
expected to be useful in the design of a turbine that interacts
with vortex flow in energy generation systems such as GVHP.
As computational resources become faster and cheaper, numerical methods such as computational fluid dynamics (CFD)
are increasingly being used to model vortex fields (Kueh et al.,
2014; Li et al., 2008; Mulligan, 2015). Although velocity
vectors can be obtained from CFD simulations, detailed verification using physical models is required before the output can
be used for design purposes, especially for large-scale commercial systems. In contrast to other studies, this study verified
the analytical results using experimental data from a full-scale
system rather than laboratory-scale prototypes.
2. Methods
2.1. Analytical model
Fig. 1 shows schematic diagrams that define the geometric
variables of the scroll-type circulation tank, in which a water
vortex is formed. Fig. 1(a) shows a cross-section of the tank
and the water surface defined by the vortex, where h is the
water head (m) and a is the diameter of the air core (m).
Fig. 1(b) displays a top view of the tank and the geometric
variables that were previously defined (Mulligan et al., 2015).
In this figure, b is the inlet channel width (m), bi is the width of
the inlet section of the channel to the tank (m), De is the
effective tank diameter (m), Ri is the inlet radius (m), and d is
the diameter of the exit hole in the tank floor (m). In most
cases, bi is equal to b when the inlet channel delivers water
flow directly into the tank. However, bi is less than b in the
case where an inlet reduction is used, as shown by the narrow
grey line along the dashed De curve in Fig. 1(b). In this study,
the GVHP system for the experimental verification of the
model was a 10-kW-scale plant, which has been previously
described in detail (Alzamora Guzman et al., 2019). The
system has dimensions of b ¼ 1.65 m, Ri ¼ 3 m, De z 5 m,
and d ¼ 1.4 m, and bi can vary. The typical range of h is
0.8e1.4 m.
Detailed evaluations of the effect of the tank geometry on
vortex behavior have been performed (Mulligan, 2015;
Mulligan et al., 2016; Power et al., 2016), and are outside the
scope of this study. These studies showed that optimization of
the geometrical parameters are important for maximizing the
vortex strength and achieving a high power output from the
GVHP system. Therefore, it is critical to optimize the tank and
turbine geometry during the design phase. Current models that
require Q as an input are unable to perform a full parameter
optimization and can introduce uncertainty because the Q
values are experimentally determined. Given that it is
impractical to measure the Q values for a range of geometrical
parameters in full-scale systems (with the fixed geometry of a
circulation tank), it is highly beneficial to have a fully
analytical solution that provides Q as an output.
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Fig. 1. Schematic diagrams defining geometrical variables of a circulation tank in which a vortex is formed, photograph of a system used for
energy generation, and a 3D tank model with water flow indicated by arrows.

To develop an improved analytical model, this study used
Bernoulli's equation to describe the conservation of energy
with the assumption of an incompressible fluid (i.e., a constant
density r) (Bansal, 2010), which is shown in Eq. (1):
v2 p
þ þz¼c
2g rg

ð1Þ

where v is the velocity (m/s), g is the acceleration due to
gravity, p is the pressure (MPa), r is the density of water, z is
the potential energy per unit head, and c is a constant. The first
term on the left side of Eq. (1) is the kinetic energy per unit of
kinetic head, and the second term refers to the pressure energy
per unit of pressure head. According to the law of energy
conservation, the sum of these two terms and z is a constant.
Thus, Eq. (1) can be rewritten to describe h (m), which is
expressed as follows:
v2 w2 p
h¼ q þ þ
2g 2g rg

ð2Þ

where vq and w represent the tangential velocity (m/s) and axial
velocity (m/s), respectively. The first two terms on the right side
of Eq. (2) denote the kinetic energy terms from the tangential
velocity and the axial velocity, respectively. Here, h is defined
with respect to the bottom of the tank at z ¼ 0, and thus h becomes zero. At the airewater interface at the base of the GVHP
tank, p and w are assumed equal to zero, and the maximum
tangential velocity vqm (m/s) occurs at this point (i.e., at a radius
of a/2). Hence, Bernoulli's equation can be written as follows:

nqm ¼

pﬃﬃﬃﬃﬃﬃﬃﬃ
2gh

ð3Þ

We believe that the assumption of free discharge is
appropriate for the GVHP system. As shown in Fig. 1(a),
the tank is designed with a large sub-floor volume to ensure
free discharge of water from the tank. The system was
tested under various flow conditions for several years, and a
full air core was always observed with no water backup or
other evidence of restricted discharge. In addition, as discussed later, the air-core diameter predicted by the model
using this assumption was consistent with the experimental
observations.
The ideal or irrotational model for a free-surface vortex was
used to describe the tangential velocity, which is expressed as
follows:
vq ¼

G
2prðxÞ

ð4Þ

where G is the rotational constant (m2/s), and r(x) is the radius
at distance x from the center of the tank at which vq is
calculated (m). Here, G is a constant value anywhere within
the vortex, and it is given as follows:
G ¼ vqm pa

ð5Þ

To avoid assuming an average tangential velocity, the
weighted average tangential velocity at the inlet vi (m2/s) was
calculated using measure theory (Tao, 2011) to enable numerical integration, which is expressed as follows:

Vladimir Joel Alzamora Guzman, Julie Anne Glasscock / Water Science and Engineering 2021, 14(1): 72e79

ðN
½vq rðxÞ þ t=2dm

vi ¼ ð0 N

ð6Þ

½rðxÞ þ t=2dm
0

where t is the precision of the analysis (0.000 1), m is the
integer counter, and N is defined as the upper limit of the
integration, and N is estimated as follows:
N¼

ðx1  x0 Þ
t

ð7Þ

where x0 and x1 are the lower and upper boundaries of the
analysis range of the distance (m), respectively. The function
r(x) as shown in Eq. (6) is the radius formulated in a way to make
numerical integration possible, which is expressed as follows:
rðxÞ ¼ mt þ x0

ð8Þ

In the specific case of the inlet velocity, x0 ¼ Ri  bi and
x1 ¼ Ri, Bernoulli's equation is used to calculate w, and the
conditions of cyclostrophic balance are expressed as follows:
p¼ 

v2q ½rðxÞ  a=2r
rðxÞ

ð9Þ

As for the tangential velocity, the weighted average of the
axial velocity at the outlet wo (m/s) is calculated by combining
Eqs. (6) and (7) with x0 ¼ a/2 and x1 ¼ d/2, where wo is
expressed as follows:
ðN
½wrðxÞ þ t=2dm
wo ¼ ð0 N
ð10Þ
½rðxÞ þ t=2dm
0

Finally, the volumetric flow rates at the inlet (Qi ) and outlet
(Qo ) are respectively calculated by Eqs. (11) and (12):
Qi ¼ hbi vi

ð11Þ

Qo ¼ wo A

ð12Þ
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measured under different head conditions (0.8e1.1 m) in the
full-scale GVHP system, which was previously described in
Alzamora Guzman et al. (2019). All measurements were performed without a turbine in place as the fundamental behavior
of the vortex was of interest in this study. A velocity sensor was
constructed using a computer fan (92 mm in diameter) with an
inbuilt Hall sensor to measure the water velocity. This velocity
sensor was first calibrated by establishing a relationship with
the output voltage of the device, which is proportional to the
rotational speed of the fan, and water surface velocity. The
output of the velocity sensor was first measured by placing it
close to the water surface (submerged to a depth sufficient to
just cover the fan). To obtain a reference value to calibrate the
velocity sensor, the float method was used to measure the
surface velocity, in which the time taken for a float to travel
over a distance of (3.15 ± 0.05) m in the inlet channel was
determined. The velocity estimated by the velocity sensor was
then calibrated against the float-method-based surface velocity
measurement. Twelve repeated measurement runs were performed to obtain the average and standard deviation. Thereafter, subsequent velocity measurements were performed by
the calibrated velocity sensor at a depth of h/2 and in the
channel center (b/2). Over the cross-sectional area of the inlet
channel (A in Eq. (12)), it is reasonable to assume that the
velocity varies horizontally and vertically because of the effect
of channel walls. Preliminary measurements showed that this
variation was not significant and fell within the experimental
uncertainty. However, the cross-section center that is away
from the walls and water surface was chosen to perform velocity measurements, because it was assumed to represent the
average velocity most accurately. Fig. 2 shows a schematic
diagram of the experimental setup for the velocity measurements. An algorithm was used to calculate the real-time
average velocity as the data was collected using an Arduino
Uno microcontroller with a sampling rate of 0.1 s per measurement. The final velocity measurements were determined
over a period of approximately 60 s. Velocity measurements
were conducted in the inlet channel, with a constant b of
1.65 m (before the region with the inlet reduction of the
channel), and Qi was determined according to Eq. (11).
Experimental values were determined for various h and bi

where A is the cross-sectional area of the inlet channel (m2).
Afterward, the algorithm is solved using the constant-volume
assumption of equal inlet and outlet discharges ðQi ¼ Qo Þ.
The repeatability and sensitivity of the model to uncertainties in the model input were also analyzed. The model
sensitivity was quantified by varying the input parameters over
a range of fractions to simulate uncertainties in the input parameters, and by observing the effect of the input parameters
on the output parameters. Scatter plots were produced to
identify the dependences between inputs and outputs.
2.2. Experiments
To obtain the depthedischarge plots for verification of the
analytical model, the volumetric flow rate was experimentally

Fig. 2. Schematic diagram of experimental setup for velocity measurements (the grey areas indicate the walls of the tank).
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conditions and were compared to the values calculated by the
model for the same conditions.
3. Results and discussion
3.1. Model validation
Fig. 3 shows the three main outputs of the model, namely,
Q, a, and G, as a function of h for the geometrical parameters
of the full-scale GVHP system (d ¼ 1.40 m, b ¼ 1.65 m, and
Ri ¼ 3 m). The generated data points for each set of conditions
(using h, d, bi, and Ri as inputs) resulted in smooth curves. A
repeatability analysis was performed, in which the model was
run ten times using the same input values. The model outputs
were obtained with a resolution of 16 decimal places, and
identical output values were obtained every time. Hence,
rounding errors and other computational uncertainties were
considered insignificant. As shown in Fig. 3, Q and G
increased with increasing h, and a tended to slightly decrease
with increasing h.
To quantitatively verify the model accuracy, the experimental and calculated volumetric flow rates for various head
and inlet width values were compared under the conditions of
d ¼ 1.40 m and Ri ¼ 3 m (Fig. 4). The error bars in Fig. 4
represent the propagated uncertainties from the entire experimental process. To easily compare the test cases, the Q values
were grouped by bi. In all cases, the real width was less than
the inlet channel width (bi < b). As shown in Fig. 4, the
experimental and analytical results showed identical values
within experimental uncertainty for the conditions tested here.
The main source of experimental errors came from velocity
measurements (4%e6%), and the measurements of head and
other geometrical parameters accounted for 1% and less than
0.5% of total uncertainty, respectively. These sources presented a total uncertainty of approximately 5% after error
propagation calculations. Hence, the accuracy of the proposed
model for describing vortex flow in a large-scale system was
verified. An additional experimental verification of the model
could be achieved by measuring a. However, Q was chosen as
the main verification parameter because it can be more accurately measured than a. As indicated in Fig. 3(b), a merely
varied by 10% over the measured head range. Therefore, it is
difficult to experimentally measure a with sufficient precision
for an accurate comparison with the analytical data. However,
from photographs taken from above the exit annulus, an air-

core diameter of around 1 m was approximated for all head
conditions, which was consistent with the analytical results.
During the experimental measurements using the fullscale GVHP system, some interesting phenomena were
observed. When bi was changed, a slight shift of the air core
center was observed, which resulted in eccentricity between
the air core and exit annulus. In the GVHP tank, the position
of the exit annulus is fixed, whereas changes in bi lead to
slight changes in De and the position of the vortex in the tank.
Under ideal laboratory conditions, the position of the exit
annulus can be easily altered to ensure the concentricity with
the air core. However, this is difficult in the full-scale system.
This aspect might introduce some experimental uncertainties.
In addition, under the condition of low river flow in the dry
season, insufficient amounts of water enter the channel to
achieve the maximum flow rate. When the measurements of
Q versus h were performed under these conditions, it was
found that Q linearly increased with the rise of h, and the
experimental data followed the simulated curve quite well. At
some critical heads, the Q values plateaued and did not increase any further with increasing h. This was attributed to
the fact that the maximum available Q provided by the river
was achieved with no further possible increase, regardless of
the head. This indicates that the Q values given by the model
were an upper limit. In addition, this plateau point at which
the modeled and experimental values deviated can be used as
an indicator of the maximum achievable flow under a specific
set of practical operating conditions. In the case of energy
generation, this indicator could be used to identify the
maximum possible power in a particular season, thereby
providing useful site-specific information to design and
operate full-scale systems.
The proposed model was compared with other similar
models (Ackers and Crump, 1960; Hager, 1985; Mulligan
et al., 2016; Pica, 1970) and relevant experimental data
under large-scale vortex drop conditions (d ¼ 5.5 m,
b ¼ 5.5 m, and Ri ¼ 8.3 m) (Drioli, 1969). All datasets were
reproduced from Mulligan et al. (2016), who presented a
detailed discussion on the differences of these models. Briefly,
most of these models are semi-analytical, with some empirical
relationships or use of experimental data as model inputs. The
depthedischarge curves in Fig. 5 clearly show that all the
compared models provided a similar trend, although the reported values varied. The large scatter indicates that none of
the models reproduced the experimental dataset well. As the

Fig. 3. Typical analytical results from proposed model.
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Fig. 4. Experimental verification of proposed model.

details of the experimental conditions and uncertainty of these
data are unavailable, it is difficult to conclude which model is
superior. Many of these previous models were developed using
experimental data and empirical relationships from laboratoryscale measurements, and there are concerns regarding whether
such models are scalable. As noted previously (Mulligan et al.,
2016), the lack of experimental data for large-scale vortices
made it impossible to verify these models. In the prototype
presented by Drioli (1969) and the GVHP system in this study,
very high Reynolds numbers of approximately 106 to 107 were
encountered, which were much higher than those in laboratory
systems. It should be noted that the turbulent effects on the
vortex flow in full-scale systems may produce behavior that
cannot be accurately described by the models verified using
the empirical data from laboratory-scale physical models
(Mulligan et al., 2016). In this study, detailed experimental
data for a practical-scale strong free-surface vortex system,
which are not available in the relevant literature, were provided. These data are expected to be useful to further verify
existing and future analytical models and to clarify the scaling
effects in such systems.
3.2. Sensitivity analysis
Sensitivity analysis was performed to determine the effect
of variations of the input parameters on the model outputs.

Fig. 5. Comparison of proposed model with selected results from
literature.
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This is important when the model is used to analyze an
existing system with fixed geometric parameters and provides
information regarding the output parameter sensitivity to the
experimental uncertainties of input parameters. Fig. 6 shows
the scatter plots of the model outputs as a function of the
fractional variation of each input variable. The initial values
of h, bi, d, and Ri were defined as 1.2 m, 1.2 m, 1.4 m, and
3 m, respectively. These input variables were altered in the
ranges of 0.8e1.4 m, 0.8e1.6 m, 1.2e1.6 m, and 2.5e3.5 m,
respectively. It was found that most datasets were highly
linear, with correlation coefficients exceeding 99%. The relationships between Q and h, a and Ri, and G and h shown in
Fig. 6 were slightly nonlinear. The corresponding gradients
of these curves are listed in Table 1 to quantitatively measure
the effect of the variation of individual variables on model
outputs. Higher gradients indicate that the variation of the
input variable has a more significant effect on the output.
Overall, Q was most sensitive to the variation of h, and a 10%
uncertainty in the h value resulted in a variation of 13% in Q.
However, the variation of h did not significantly affect the
other output variables. The effect of d was significant as well.
The variation of this input parameter equally affected all
output variables, and a and G were only significantly sensitive to changes in d. In a full-scale GVHP system, the tank
dimensions of d and Ri are usually fixed. As the tank is made
from concrete or steel, these dimensions are expected to
remain stable and can be measured with a high degree of
precision (< 0.5%) when the tank is dry. Although some
systems have a mechanism for varying bi, an optimized bi
value is usually chosen, and this value is also fixed after the
initial test. Therefore, the only dynamic input variable is the
water head. As the experimental results in this study showed
that h can be measured with a precision of 1%, its effect on
the simulated Q was within an acceptable margin of uncertainty. It is interesting to note that the geometrical parameters
of the circulation tank (d, bi, and Ri) had an identical effect on
a and G.
The proposed model provides several advantages for the
analysis and design of practical strong free-surface vortex
flows. For existing systems with fixed geometrical parameters, this model can be used to provide the depthedischarge
relationship (i.e., the maximum Q as a function of h). In
the case of hydropower systems, this Q value can be used to
calculate the maximum theoretical power output. G is a very
important parameter for energy dissipation or energy generation applications. However, this parameter is difficult to
accurately measure. The proposed model can provide the G
value for hydropower systems. Specifically, a velocity profile
of the vortex can be determined from G, which is useful for
turbine design in hydropower systems. In addition, the model
is valuable for the design of new vortex-based systems,
through which the geometrical parameters can be optimized
to achieve the desired Q and G values for practical applications. For example, the dimensions of the circulation tank and
channels can be optimized for efficient material utilization to
reduce construction costs.
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Fig. 6. Results of sensitivity analyses.

Table 1
Gradients of sensitivity plots shown in Fig. 6.
Model output

Input variable
h

Q
a
G

1.305
0.170
0.382

bi
1.048
0.200
0.200

d

Ri

1.157
1.159
1.159

1.072
0.203
0.203

Note: Values in bold denote the maximum gradients for each model output.

efficiency is considered a major limitation of the GVHP
system, future studies will focus on using this model to
design an optimized turbine for this system.
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